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Stem cells maintain tissues by generating differentiated cell types while simultaneously self-renewing
their own population. The mechanisms that allow stem cell populations to function collectively to
control their density, maintain robust homeostasis and recover from injury remain elusive. Motivated
by recent experimental advances, here we develop a generic and robust mechanism of stem cell self-
renewal based on competition for diffusible fate determinants, which exert fate control. Using
both analytical methods and stochastic simulations, we show that the mechanism is characterized
by signature dynamic and statistical properties, from stem cell density fluctuations and transient
large-scale oscillation dynamics during recovery, to scaling clonal dynamics, front-like boundary
propagation and features of dynamical ‘quantization’ of self-renewal zones in localized domains.
Based on these findings, we suggest that competition for fate determinants provides a generic and
robust mechanism by which stem cells can self-organize to achieve density homeostasis in an open
(or ‘facultative’) niche environment.
I. INTRODUCTION
A hallmark of living systems is their ability to renew.
In multicellular organisms, this renewal capacity is in-
vested in the germ line across generations, and through
the long-term renewal capacity of its constituent tissues
during the individual’s life span. The ability of cycling
adult tissues, such as the skin epidermis, gut epithelium
and blood, to renew and repair relies on the activity
of resident adult stem cells, which divide and differen-
tiate to replenish functional cells lost through homeo-
static turnover, while maintaining their pool size [1]. To
achieve long-term homeostasis, the stem cell population
must tightly balance duplication and differentiation to
ensure that tissues are maintained with the correct size,
pattern and cell composition [2]. Resolving the mech-
anisms by which stem cells achieve perfect self-renewal
represents a defining question in tissue stem cell biology.
To resolve patterns of stem cell density regulation, em-
phasis has been placed on cell lineage tracing assays.
Measurements based on the activation of reporter pro-
teins in targeted cell populations using transgenic animal
models [3–13] and genetic barcoding [14–20], as well as
intravital live-imaging assays [21–26], have allowed the
fate of marked cells and the differentiating progeny—
termed ‘clones’—to be traced over time. From the quan-
titative analysis of clone size distributions, rules of cell
∗ bds10@cam.ac.uk
fate decision making have begun to emerge. Applied to
cycling adult tissues, these studies have shown that the
balance between stem cell duplication and differentiation
is, in many cases, not enforced at the level of individual
cell fate decisions—in the manner of invariant asymmet-
ric fate—but apply only at the level of the population
[2, 3, 5–8, 27]. In this process of ‘population asymmetric’
self-renewal, the outcome of individual stem cell divisions
may be probabilistic, with fate acquired according to de-
fined statistical dependencies [6, 28]. But what is the
regulatory basis of stochastic cell fate decision-making?
To address the dynamics of stem cell fate, early stud-
ies placed emphasis on finding intrinsic mechanisms, in
which the balance between cell duplication and differ-
entiation is enforced through cell-autonomous regulatory
programs. However, the remarkable ability of adult stem
cell populations to both maintain and repair tissues fol-
lowing injury suggests mechanisms of fate control that
are sensitive to signals from neighboring cells as well as
local environmental cues which together constitute the
stem cell ‘niche’. In some cases, such as the mammalian
intestinal ‘crypt’ and Drosophila testis, the niche finds
an anatomical basis in the spatial organization of special-
ized somatic cells to which stem cells associate. However,
in other cases, such as mammalian hematopoiesis in the
bone marrow, stem cells, which form a scattered minority
population, actively migrate, roaming among their differ-
entiating progeny—an organization sometimes known as
an ‘open’ (or ‘facultative’) niche [23, 29–32].
In tissues supported by a ‘closed’ anatomical niche,
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2competition for limited niche access provides a simple
framework to regulate density homeostasis: As stem cells
duplicate, only one half of their progeny can retain niche
access while the other half becomes displaced, loosing
physical contact with the niche and entering into a dif-
ferentiation program [2]. However, in systems supported
by an open niche, the mechanisms that ensure density
regulation during homeostasis and following injury are
less obvious: How can stem cells, widely separated from
neighboring stem cells by multiple cell diameters, sense
their local density and adjust their fate to maintain
homeostasis?
The situation is exemplified by spermatogonial stem
cell regulation. In the mouse, sperm production relies
on the activity of stem cells that divide and differenti-
ate, giving rise to progeny that expand through serial
rounds of cell division, before entering into a maturation
step involving meiosis and translocation towards the lu-
men of the tubules. Recently, combining marker-based
assays with studies of stem and progenitor cell kinetics
both in homeostasis and during recovery following injury,
we have found evidence that the regulation of stem cell
homeostasis involves the competition for a limited supply
of diffusible factors released from lymphatic endothelial
cells that contribute to the testicular open niche environ-
ment [33]. These fate determinants are thought to exert
a regulatory control on stem cells, ‘priming’ their fate to-
wards either duplication or loss through differentiation in
a concentration-dependent manner. In contrast to anal-
ogous mechanisms based on competition for nutritional
resources, as often considered in ecological systems [34–
36], these fate determinants do not regulate population
size by imposing a limited energy supply that leads to
the starvation of excess populations. Instead, this mech-
anism effectively provides a feedback of the cell density
on stem cell fate through a regulatory fate-steering pro-
cess.
Although conceived as a mechanism of stem cell self-
renewal during murine spermatogenesis, competition for
fate determinants provides a generic framework for stem
cell density regulation with potential applications to
other tissues supported by an open niche environment.
Therefore, based on this hypothesis, here we introduce
and investigate a general individual-based model of stem
cell density regulation based on motile stem cells inter-
acting with a diffusible fate determinant through con-
sumption and fate control. Recent theoretical studies
of motile ‘communities’ have shown that interesting col-
lective phenomena can arise if their dynamics depends
on the presence of neighbors; these include the emer-
gence of patterned states, clustering phenomena and dy-
namical crossovers between scaling regimes [37–45]. Here
we investigate the conditions to achieve robust stem cell
density maintenance, both in homeostasis and in recov-
ery following perturbations away from steady state (Sec-
tion III); the statistical properties of the homeostatic
state such as stem cell density fluctuations (Section IV);
and the hallmark statistical scaling properties of indi-
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FIG. 1. (a) Summary of the individual-based model dynam-
ics specified by Eqs. (1–4). (b) Simulation snapshot of the
individual-based model. Cells are indicated by dots, the fate
determinant concentration is shown as a density plot. Initial
and boundary conditions and parameters as in Fig. 2a’.
vidually labelled cell clones (Section V). The presence of
a dynamic concentration field of fate determinants en-
ables a study of the dependence of these dynamic fea-
tures on the kinetics of the fate determinant. Moreover,
we systematically study the recovery behavior when the
system is driven far away from its steady state such as
during initial colonization scenarios (Section VI) and the
behavior of ‘mutated’ subpopulations with a prolifera-
tive advantage (Section VII). Finally, we show that the
system can give rise to peculiar quantization phenomena
and how they emerge from the dynamics of motility and
self-renewal (Section VIII).
II. MODEL
To model cell dynamics, we consider an ensemble of
N mobile stem cells, represented by point particles with
positions xi, . . . ,xN . Here, for simplicity, we suppose
that each stem cell undergoes an independent random
walk on a two-dimensional domain. Generalization to
lower or higher dimension follows straightforwardly. Dur-
ing this process, stem cells consume and thereby deplete
locally a fate determinant, whose concentration is repre-
sented by a continuous field φ(x, t). Stem cells stochas-
tically duplicate through division or are lost through dif-
ferentiation with a probability that depends on the local
concentration of fate determinant. The fate determinant
therefore provides an indirect readout of, and feedback
on, the local stem cell density. The fate determinant itself
is diffusible and supplied homogeneously throughout the
entire domain. In general, a fate determinant may pro-
mote duplication or differentiation—here, without loss
of generality, we consider a duplication-promoting fate
determinants. A summary of all model processes is pro-
vided in Fig. 1a.
To define the random walk dynamics, the positions xi
3of the stem cells i = 1, . . . , N(t) follow the kinetics
d
dt
xi =
√
2ηξi(t) , (1)
where η denotes the cell motility and the components
of the vector ξi = (ξ
1
i , ξ
2
i ) are drawn at random from a
Gaussian white-noise distribution with 〈ξαi (t)〉 = 0 and
〈ξαi (t)ξβj (t′)〉 = δijδαβδ(t− t′). Stem cells may duplicate
through cell division or become lost through differentia-
tion according to the Poisson processes
S
pλ−→ S + S , S (1−p)λ−−−−→ ∅ , (2)
where λ is the limiting rate of stem cell duplication and
differentiation. Each duplication process is considered to
give rise to two stem cells at the same position. For a
given stem cell i, the probability p depends on the local
fate determinant concentration φ. For the nonlinear feed-
back related to fate determinant consumption and pro-
cessing, we choose a sigmoidal function of the Hill-type
[46], so that the probability pi(t) that cell i undergoes
duplication is given by
pi(t) = h
(
φ(xi, t)
φ0
)
, h(x) =
xn
1 + xn
. (3)
Here the exponent n determines the steepness of the con-
centration dependence; later, we will see that the phe-
nomenology of the model is largely insensitive to the
specific choice of n. Here, φ = φ0 corresponds to the
threshold concentration for which p = 1/2, resulting in
(2) taking the form of a critical birth-death process at
which the stem cell duplication and differentiation are
perfectly balanced.
The concentration field φ(x, t) of the fate determinant
evolves according to the kinetic equation,
∂φ
∂t
= D∇2φ+ νJ(x)− γQ(φ, ρ)− κφ , (4)
where D denotes the diffusion constant of the fate de-
terminant, ν is its production rate, the function J de-
fines the spatial distribution of its source, γ is the lim-
iting consumption rate, the function Q defines the con-
sumption dynamics, κ is the decay rate and ρ(x, t) =∑N(t)
i=1 δ(x − xi(t)) represents the stem cell density. Un-
less stated otherwise, we here consider a spatially uniform
source, J(x) = 1. The consumption function Q is defined
by
Q(φ, ρ) = h
(
φ
φ0
)
ρ , (5)
where h denotes the Hill function given in Eq. (3). Here,
the appearance of the Hill function in the definition ac-
knowledges the fact that the consumption of fate deter-
minants through endocytosis is affected by saturating re-
ceptor binding [33].
Fig. 1b shows a snapshot of a numerical simulation
of the system with periodic boundary conditions on a
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FIG. 2. Steady states and transient behavior in the pres-
ence of competition for fate determinants. (a–a’) Time evo-
lution of spatial averages of the stem cell density (solid black;
rescaled by a factor of 2× 103) and the fate determinant con-
centration (dashed blue) from numerical realizations of the
model Eqs. (1–4) for different parameter sets. Parameters
are η = 25, γ = 10, n = 2, L2 = 5000 and (a) λ = 1, ν = 2;
(a’) λ = 20, ν = 2, (a’) λ = 1, ν = 0.8. Initial conditions:
100 randomly distributed cells, φ(x, 0) = ν. The domain
has periodic boundary conditions. (b) Phase portrait of the
mean-field model: reaction field Γ, Eq. (6), homeostatic state
q∗ (blue dot), loss state q× (red diamond). Parameters as
in panel (a). (c–c’) Time evolution of ρ (black solid) and φ
(blue dashed) in the mean-field model. Parameters and con-
ventions as in a–a’, respectively. (d) Phase diagram of the
mean-field model, parametrized by the bifurcation parameter
µ, Eq. (9), the feedback nonlinearity n as defined in Eq. (3)
and inertial parameter τ , Eq. (10). Colored regions in the
oscillatory regime indicate frequencies (from dark to bright in
the direction of increasing frequency), see Eq. (12).
quadratic domain with side length L. Fig. 2a–a’ shows
the time evolution of the spatial averages of the cell den-
sity and the fate determinant concentration for different
parameter sets (see also Supplementary Movies 1–3). For
all numerical examples, we indicate lengths in units of the
fate determinant diffusion length
√
D/κ, times in units
of the decay time κ−1 and concentrations in units of the
threshold concentration φ0. In the appropriate parame-
ter regimes (see below), the system converges to a robust
homeostatic state with a well-defined average stem cell
density and fate determinant concentration.
III. MECHANISM OF HOMEOSTASIS
To gain insight into the phase behavior and dynamics
of the system (Fig. 2a–a’), we first consider when the
4homeostatic state is stable, and how its properties such
as the homeostatic density depend on the system param-
eters, including the kinetics of the fate determinant. To
this end, we study a mean-field description of the spa-
tially averaged cell density and fate determinant concen-
tration, which is amenable to an analytical treatment
[33]. This amounts to approximating the stem cell fate
dynamics (2) by a deterministic rate equation for the av-
erage density, ρ˙ = λ(2p − 1)ρ and taking the spatially
averaged mean-field limit of Eq. (4). Defining the den-
sity coordinate q = (ρ, φ), the population dynamics is
given by
dq
dt
= Γ(q) ≡
(
λ(2h(φ/φ0)− 1)ρ
ν − κφ− γh(φ/φ0)ρ
)
, (6)
with a phase portrait shown in Fig. 2b. This system
has two equilibria satisfying the relation Γ(q) = 0: a
homeostatic steady state
q∗ =
(
ρ∗
φ∗
)
=
(
2(ν − κφ0)/γ
φ0
)
, (7)
and a ‘loss’ state
q× =
(
0
ν/κ
)
. (8)
The homeostatic cell density ρ∗ is correlated linearly with
the supply rate of the fate determinant, ν, a hallmark be-
havior recently observed in the context of murine sper-
matogenesis [33]. Interestingly, the homeostatic concen-
tration φ∗ of the fate determinant does not depend on
any of its rate parameters—it is simply defined by the
threshold concentration φ0 for which differentiation and
loss of stem cells is perfectly balanced by duplication
(p = h(1) = 1/2), a result imposed by the stationarity of
the stem cell density.
The homeostatic state q∗ is stable as long as the con-
centration φ∗ is large enough to instruct the correspond-
ing density ρ∗ of stem cells. Defining the critical produc-
tion rate νc = κφ0 and the dimensionless parameter
µ =
ν − νc
νc
, (9)
the state q∗ is linearly stable for µ > 0 and unstable
for µ < 0, and vice versa for the loss state q× (see Ap-
pendix A and Fig. 2d). At µ = 0, both states exchange
their stability via a transcritical bifurcation. Notably,
the bifurcation parameter depends on the kinetic and
threshold parameters of the fate determinant alone, em-
phasizing its importance in maintaining homeostasis. In
the stable region (µ > 0), perturbations from the home-
ostatic state either decay monotonically or with damped
oscillations. Fig. 2d shows the phase diagram for the
mean-field dynamics, indicating the stability of the home-
ostatic and loss states, and the domain over which the
approach to steady-state is characterized by damped os-
cillations.
Whether such transient oscillations occur depends on
the inertia of the feedback mechanism, as indicated by
the ratio of the limiting stem cell cycle rate and the decay
rate of the fate determinant,
τ =
λ
κ
. (10)
Damped oscillations occur when this inertia exceeds a
certain threshold,
τ >
(nµ+ 2)2
8nµ
, (11)
i.e., when the half-life of the fate determinant is long
as compared to the limiting duplication/loss rate of the
stem cells. In the linearized regime, the (angular) fre-
quency of the oscillations and their exponential decay
time T∗ are given by
ω =
√
8nµλ
κ
− (nµ+ 2)2κ
4
, T∗ =
4
(nµ+ 2)κ
, (12)
(see Appendix A). The frequency ω increases with the
limiting cell cycle rate λ but has a nonmonotonic depen-
dence on the supply with fate determinants, encoded by
the bifurcation parameter µ; notably, the time scale T
of oscillation decay has no contribution from the limiting
cell cycle rate λ close to the homeostatic state. If per-
turbed outside the linearized regime, the system can give
rise to transient huge-amplitude oscillations (Fig. 2a’,c’
and Supplementary Movie 2). Persistent oscillations, i.e.,
strictly periodic solutions, do not exist in the spatial
mean-field description (see Appendix B).
In an experimental context, such transient oscillations
during a recovery phase provide a hallmark of the com-
petition mechanism and a means to locate the model
in parameter space. Notably, such pronounced oscilla-
tions during the recovery from artificially induced injury
scenarios have been observed experimentally in the con-
text of murine spermatogenesis [33]. Similarly, mouse
hematopoietic stem cells are known to show a massive
overshoot above the steady state after injury through cy-
totoxic drugs [47].
IV. STEM CELL DENSITY FLUCTUATIONS
In homeostatic tissues, the stem cell density shows a
striking degree of large-scale homogeneity, despite non-
trivial local density fluctuations. Indeed, in studies of
mouse spermatogenesis, stem cells were shown to be
characterized by a remarkably homogeneous distribu-
tion throughout the seminiferous tubules, as well as
clustering-like local fluctuations on small length scales
[33]. Likewise, simulations of our system display a largely
constant cell density on long length scales (Fig. 3). This
large-scale homogeneity is in stark contrast with the be-
havior of systems composed of pure random walkers with
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FIG. 3. Characterization of non-equilibrium density fluctu-
ations. (a) Structure factor S(k), given by Eq. (13) averaged
over time and wavevectors with |k| = k, for three different sys-
tems, for which snapshots are shown in panels b–d. Dashed
curves show the analytical approximation Eq. (17). Param-
eters are the same as that used in Fig. 2a except for (c,d)
ν = 17, γ = 20 with (c) η = 0.01, λ = 40, γ = 1; (d) η = 0.1,
λ = 80, γ = 0.2. According to the mean-field criterion (11),
system (b) is in the monotonic recovery regime, whereas sys-
tems (c,d) are in the oscillatory recovery regime. Diffusion
and degradation rates of the fate determinant have been ad-
justed such that the domains show the same absolute size.
an intrinsically balanced self-renewal program (p = 1/2)
without local feedback, i.e., an ‘engrained’ critical birth-
death process. In fact, in such systems, all density
correlations have been shown to diverge, leading to a
phenomenon termed ‘neutral clustering’ [48–50], which
would translate to massive local agglomerations sepa-
rated by vast regions devoid of stem cells. This situation
would be undesirable if tissue integrity is to be main-
tained, and accordingly, such divergences must be pre-
vented by an adequate homeostatic feedback mechanism
such as that presented by the current model.
Since systems of interacting individuals out of equi-
librium are known to exhibit characteristic hallmarks of
their underlying dynamics in their density fluctuations
[45, 51–53], it is instructive to study the corresponding
fluctuation spectra of the competition model. Further,
we will contrast it to alternative models such as the afore-
mentioned scheme which assumes a cell-intrinsic stochas-
tic fate balance without feedback [54].
Here we assess the density fluctuation spectrum of the
model in the vicinity of the homogeneous homeostatic
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FIG. 4. Dependence of the fluctuation spectrum on the
feedback strength and diffusion of the fate determinant. (a)
Structure factor S(k) = S(|k|), Eq. (17), for different values
of the exponent n indicating the feedback nonlinearity: n = 0
(red dashed), corresponding to a critical birth-death process,
and n = 0.1, 0.5, 2 (blue; from bright to dark). (b) Structure
factor for different fate-determinant diffusivities: D = 0.01,
0.025, 0.05, 0.1, 0.25, 1 in multiples of the diffusion constant
in Fig. 3c (from bright to dark). All other parameters as in
Fig. 3c.
state through analysis of the static structure factor
S(k) =
〈
1
N
∣∣∣∣ N∑
i=1
eik·xi
∣∣∣∣2〉 , (13)
where k is the wavevector and the xi with i = 1, . . . , N
denote the cell coordinates and the average runs over
realizations of the system at steady-state.
Starting with the most basic scenario of pure random
walkers without birth or death (λ = 0), i.e., with strictly
conserved cell number, the steady-state density distribu-
tion is entirely random, resulting in S(k) = 1 (dashed
black line in Fig. 4).
If we further impose a critical birth-death process that
acts intrinsically without any local feedback (i.e., λ 6= 0
and n = 0, so that p ≡ 1/2), the structure factor is given
by S(k) = S0(k) with
S0(k) = 1 +
λ
2ηk2
, (14)
which entails a divergence S0(k → 0) ∝ k−2 at large
length scales, signaling the emergence of giant density
fluctuations [48] (dashed red curve in Fig. 4a). (For de-
tails, see Appendix C.)
Simulations show that the proposed competition mech-
anism is located between these two extreme scenarios—it
prevents neutral clustering, but does give rise to non-
divergent clustering at a characteristic length scale de-
pending on the system parameters, as evidenced by peaks
of the structure factor at finite length scales (Figs. 3 and
4). To provide analytical insight into the mode struc-
ture of the density fluctuations, we obtain a density ap-
proximation for the stem cell dynamics, which yields the
6stochastic field theory,
∂ρ
∂t
= η∇2ρ+ λ[2h(φ/φ0)− 1]ρ
+∇ ·√2ηρξ +√λρζ , (15)
∂φ
∂t
= D∇2φ+ ν − γh(φ/φ0)ρ− κφ , (16)
where ζ and the components ξi of the vector ξ = (ξ1, ξ2)
T
are drawn at random from mutually uncorrelated Gaus-
sian white-noise distributions with unit variance (see Ap-
pendix C). We first note that the deterministic part of
the field theory, Eqs. (15) and (16), does not exhibit any
patterning instabilities in the homeostatic regime: For
µ > 0, the homogeneous state (ρ(x, t), φ(x, t)) = (ρ∗, φ∗),
given by Eq. (7), is always stable, as shown in Ap-
pendix D. Using Eqs. (15) and (16), we compute an ap-
proximation for the static structure factor in the vicinity
of the homeostatic state, which is given by
S(k) =
(2uk + λ)(ω
+
k − ω−k )(2v2k + ω+k ω−k )√
32ω0k(uk + vk)(ukvk + Ω
2)
, (17)
where we have defined Ω =
√
λκnµ/2 and
uk = ηk
2
vk = Dk
2 + (1 + nµ/2)κ ,
ω0k =
√
(uk − vk)2 − 4Ω2 ,
ω±k =
√
u2k + v
2
k ± (uk + vk)ω0k − 2Ω2 ,
(18)
(see Appendix C).
Eq. (17) reveals that, on small length scales, the fluctu-
ation spectrum behaves like that of a critical birth-death
process with higher order corrections,
S(k) = S0(k) +
Ω2
(Dη + η2)k4
+O(k−6) , (19)
with S0(k) given by Eq. (14). On long length scales, the
presence of the homeostatic feedback (n 6= 0) leads to a
homogenization of the cell density and therefore prevents
giant density fluctuations, signaled by S(k → 0) being
finite (Fig. 4a and Appendix C). In addition, depending
on the parameter combination, the structure factor S(k)
can exhibit a peak at a characteristic wavenumber |k| =
k0, indicating clustering at a characteristic length scale
2pi/k0 (Figs. 3a and 4).
Generically, clustering is promoted by faster diffusion
of the fate determinant (Fig. 4b), which leads to a more
mean-field like behavior. This, in turn, prevents a local
response to density deviations, reminiscent of the sys-
tem of random walkers with an intrinsically critical birth-
death process. On the other hand, the structure factor
Eq. (17) does not depend on the limiting consumption
rate of the fate determinant, γ, indicating its indepen-
dence of the absolute cell density in the linearized high-
density regime.
V. CLONAL EVOLUTION THROUGH
NEUTRAL COMPETITION
In previous studies of stem cell fate behavior, much em-
phasis has been placed on clonal dynamics of lineage-
labelled stem cells, i.e., the size distribution of individ-
ually labelled stem cell-derived cohorts, or ‘clones’, re-
solved over time. This property can also be readily
accessed experimentally using transgenic animal models
[12, 13, 54]. Such distributions have been shown to en-
code features of the underlying pattern of stem cell self-
renewal through universal statistical scaling behaviors of
clone size. Stochastic duplication and loss leads to a con-
tinuous extinction of clones until the system reaches mon-
oclonality (as shown in Supplementary Movie 4, where
clones are marked with different colors).
To analyze the time evolution of stem cell clones, we
study the behavior of the cumulative clone size distribu-
tion C(s, t), i.e., the probability that a surviving clone
derived from a single stem cell at time t = 0 has a size of
at least s stem cells after a time t. Typically, stochastic
cell fate decisions underlying population asymmetry lead
to a scaling behavior of the clone size distribution,
C(s, t) = g
(
s
〈〈s(t)〉〉
)
, (20)
where 〈〈·〉〉 denotes the expectation value of the surviving
population and g is a scaling function that depends on
the nature of the underlying cell fate processes and the
dimensionality of the system [54].
In systems characterized by a one-dimensional geom-
etry, mechanisms of self-renewal based on local environ-
mental regulation over a characteristic interaction range
have been shown to lead to a temporal crossover between
scaling regimes [45]: At early times, when typical clone
sizes are small relative to the interaction range, the clone
size distribution and time evolution of the average clone
size shows the signature of an intrinsically critical birth-
death process (i.e., the process (2) with p = 1/2 = const.)
whereas, at later times, when the average clone size has
exceeded the interaction range, the system effectively be-
haves like a ‘voter model’ [55], in which neighboring cells
are stochastically lost and replaced.
We then find, through simulations of the current
model, that homeostasis through clonal competition for
fate determinants recapitulates this behavior, both in one
and two spatial dimensions (Fig. 3). At early times, the
system effectively behaves like a critical birth-death pro-
cess, which is characterized by the scaling solution
g(x) = e−x ,
〈〈s(t)〉〉 = 1 + λt/2 . (21)
At later times, when the average clone size has exceeded
the interaction range, the system behaves like a voter
model, whose scaling function g and time dependence of
the average surviving clone size 〈〈s(t)〉〉 depend on the
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FIG. 5. Statistical hallmarks of the clone size distribution.
(a,b) Cumulative surviving clone size distribution C as a func-
tion of the scaled clone size from simulations (dots) in d = 1
and d = 2 spatial dimensions. Different colors show differ-
ent time points (increasing time from bright to dark). Black
curves show the scaling solutions Eqs. (21) and (22) as indi-
cated. (a’,b’) Time evolution of the average clone size 〈〈s〉〉
of the surviving population for the same systems as shown in
panels a and b, respectively. Parameters as in Fig. 2a except
for η = 0.25, γ = 0.25.
dimensionality d of the system [6, 54, 56–58],
g(x) =
{
e−pix
2/4 d = 1
e−x d = 2
,
〈〈s(t)〉〉 =
{√
λt d = 1
λt/ lnλt d = 2
.
(22)
Fig. 5 shows rescaled clone size distributions and the av-
erage clone size for different time points on a strictly
one-dimensional domain (Fig. 5a,a’) and in two dimen-
sions (Fig. 5b,b’). In one dimension, not only the aver-
age clone size but also the clone size distribution shows a
crossover behavior between two different scaling regimes;
in two dimensions, the scaling function of the critical
birth-death process and the voter model are indistin-
guishable, cf. Eqs. (21) and (22). In summary, the com-
petition model is compatible with well-known and exper-
imentally observed clonal dynamics in many tissue types.
VI. COLONIZATION DYNAMICS
While clonal competition leads to a voter model-like be-
havior, free expansion of a clone into a tissue devoid of
a
b
t = t₀ = 0.5 t = 10t₀ t = 25t₀
t = t₀ = 0.5 t = 5t₀ t = 10t₀
FIG. 6. Travelling density waves emerge during coloniza-
tion scenarios. Plots show a snapshot of the individual-based
model at indicated time points. Cell and fate-determinant
density representation as in Fig. 1a. Parameters are (a) as in
Fig. 2a, (b) as in Fig. 2a’ except for n = 1 and L2 = 11250 in
both cases. Initial conditions: 100 cells randomly distributed
on a disc with radius 0.05L and φ(x, t) = ν. The domain has
periodic boundary conditions.
stem cells, i.e., a de novo colonization of a tissue, shows a
qualitatively different behavior within the current model
paradigm. Despite individual cells performing indepen-
dent random walks, the expanding cell population forms
a traveling density front that invades the system with a
constant mean velocity when averaged over realizations
(Fig. 6 and Supplementary Movies 5 and 6). If the pa-
rameters of the system are located within the phase of
oscillatory recovery (Fig. 2a’), the system exhibits a wave
of increased density at the front of the invading popu-
lation (Fig. 6b). In the wake of the invading front, a
homeostatic steady state density is left behind.
To gain insight into the nature of the density front
propagation, we consider a continuum theory of the sys-
tem based on a quasi-static approximation of the dy-
namics of the fate determinant, which yields the effective
evolution equation for the stem cell density,
∂ρ
∂t
=∇2ρ+ F(ρ) , (23)
where the function F effectively mediates the competi-
tion mechanism (see Appendix E). For simplicity, here
we choose a feedback exponent n = 1 for the Hill func-
tion Eq. (3), for which we obtain the reaction function
F(ρ) = ρ0 −
√
ρ20 − ρ(1− ρ) , (24)
where ρ0 = 1/2 + µ
−1 (Fig. 7a). The reaction-diffusion-
like system described by Eqs. (23, 24) is of the Fisher–
KPP type (see Appendix E). Hence, the system is able to
exhibit propagating front solutions of the form ρ(x, t) =
ρ¯(x+ ct)+ ρ¯(x− ct). For a localized initial condition, the
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FIG. 7. (a) Effective reaction function F, Eq. (24), medi-
ating the feedback of the competition mechanism on the cell
density for ρ0 = 0.5, 0.55, 1 (from bright to dark). (b) Front
speed velocity c as a function of the bifurcation parameter
µ from simulations (dots) and the quasi-static approximation
Eq. (25). Simulation parameters as in Fig. 6a. In simulations,
µ has been varied by varying the production rate ν of the fate
determinant.
front speed is given by c = 2
√
F′(0) [59], which, restoring
dimensions, equates to
c =
√
4ηλ
1 + 2µ−1
. (25)
Hence, in the quasi-static limit, as the system approaches
the point of phase bifurcation µ→ 0+, we find a power-
law decay of the front speed as c ∝ µ1/2; whereas, deep
in the active phase (µ 0), the front speed only depends
on the cell motility and the division rate, c ∼ (ηλ)1/2.
Fig. 7b shows a comparison of the predicted front speed
dependence, Eq. (25), to the average front speed in sim-
ulations of the individual-based model far away from the
quasi-static limit; the comparison suggests that, even in
this case, Eq. (25) provides a viable approximation for
the front speed. Note, however, that this quasi-static
approximation cannot account for the density peaks ob-
served in the oscillatory regime (Fig. 6b), as the limit of
infinitely fast dynamics of the fate determinant removes
the inertia necessary for the emergence of transient oscil-
lations.
VII. NON-NEUTRAL DYNAMICS OF
MUTANT STEM CELL CLONES
So far, we have considered an equipotent population of
stem cells with a homogeneous proliferative potential.
However, in biological tissues, mutations in genes that
mediate the sensitivity of the cell fate regulation to fate
determinants can alter the proliferative activity or fate
potential of the mutated stem cells in a heritable manner
[60, 61]. Such effects can confer a competitive advan-
tage of mutant stem cells over wildtype ones, leading to
a progressive colonization of tissue by mutant clones, a
process that in general terms is referred to as “field can-
cerization” [62]. In the present context, experimentally-
motivated scenarios in which such mutations are artifi-
cially induced can serve as an additional test of the com-
petition mechanism.
To study the impact of the presence of mutant stem
cells with a higher competitive potential on the entire
tissue, we prepare the system in a homeostatic state for
a reference population (termed ‘W’ for ‘wildtype’). We
then add a localized discrete population of cells with a
competitive advantage (termed ‘M’ for ‘mutant’). Com-
petitive advantage is formalized through a differential
responsiveness to the fate determinant, i.e., individual
threshold levels φW0 and φ
M
0 with φ
M
0 < φ
W
0 entering
Eq. (3) for the respective population. To reflect the in-
heritance of mutations, daughter cells of mutant stem
cells acquire the same increased susceptibility to the fate
determinant. As a result, all stem cells in a mutant clone
maintain the same level of competitive advantage over
their wildtype neighbors.
Fig. 8 and Supplementary Movie 7 show a numerical
example of such a scenario: even though there is no di-
rect interaction between the two populations (such as
proximity-induced cell death or contact inhibition [63]),
the population M invades the entire system, leading to
the complete extinction of the population W. This front-
like invasion is reminiscent of the colonization scenario
described in Section VI, in which stem cells expand into
a territory devoid of stem cells. This behavior is due
to the fact that the population M is able to settle to-
wards a higher homeostatic cell density, which lowers the
steady-state concentration of the fate determinant to φM0 ,
leading to an ongoing depletion of population W through
differentiation; a formal argument on a mean-field level
is given in Appendix F.
Fig. 9 shows the time evolution of the size distribu-
tion of surviving clones of the population M within the
defined scenario in d = 1 and 2 spatial dimensions. No-
tably, size distributions of mutant clones do not acquire
a scaling distribution as in the neutral case, cf. Section V
and Fig. 5. Numerically, we find that the mean clone size
of the surviving population evolves as 〈〈s〉〉 ∼ t in one di-
mension and 〈〈s〉〉 ∼ t2 in two dimensions (Fig. 9b,b’)
which, considering the front-like expansion of clones, is
the expected behavior if the clone radius grows with a
constant velocity, so that its area grows like td; the as-
sociated variance 〈〈s2〉〉 − 〈〈s〉〉2 grows like t in d = 1 and
like t3 in d = 2.
In Section V, we have seen that the neutral system
exhibits the asymptotic dynamics of a voter model—in
the non-neutral case, we therefore expect the asymp-
totic clonal dynamics to be captured by a biased voter
model [64], where the bias v corresponds to the differ-
ence in the loss-and-replacement rates of different popu-
lations and is related to the competitive advantage (see
Appendix G). For d = 1, the biased voter model can be
solved analytically (see Appendix G and Ref. [65]). In
the asymptotic long-time limit, the probability P (s, t) to
find a clone of size s among the surviving population at
9t = t₀ = 1 t = 3t₀ t = 12t₀
FIG. 8. Higher responsiveness of a cell subpopulation ‘M’
(black) to the fate determinant leads to a takeover of the sys-
tem and extinction of the reference population ‘W’ (white).
Plots show a snapshot of the individual-based model at indi-
cated time points; all conventions as in Fig. 6. Parameters
for the population ‘W’ as in Fig. 6b; population ‘M’ has a
threshold concentration φM0 = 0.8φ
W
0 . At time t = 0, 100
mutant stem cells have been inserted in a circular domain of
radius 0.05L into the steady state of population ‘W’.
time t is given by
P (s, t) '
√
ε
2pirt
1
1− e−2ε
(
e−ε(s−1−rt)
2/(2rt)
− e−2εe−ε(s+1−rt)2/(2rt)) , (26)
where
ε = ln
√
1 + v
1− v , r = 2ε
√
1− v2 , (27)
with v being the directional bias and with time being
measured in units of the loss-and-replacement time (Ap-
pendix G). The corresponding mean and variance of the
surviving clone size are given by
〈〈s(t)〉〉 ' rt+ 1
tanh ε
,
〈〈s(t)2〉〉 − 〈〈s(t)〉〉2 ' rt
ε
− 1
(sinh ε)2
.
(28)
Both quantities evolve linearly in time as is the case
for the asymptotic dynamics of the competition model
(Fig. 9a). Hence, by fitting the slopes of the mean and
variance, the effective parameters r and ε can be deter-
mined from the individual-based model. Comparing the
resulting clone size distributions, Eq. (26), of the biased
voter model with the numerical results for the individual-
based model shows striking agreement (Fig. 9a,a’). In
summary, the long-term dynamics of the competition
model falls into the voter model class, with competitive
advantages being translated as directional biases in the
loss-and-replacement process.
VIII. A ‘QUANTUM’ TISSUE
So far, we have only considered systems in which the fate
determinant is supplied homogeneously throughout the
tissue. However, when this condition is relaxed (as is the
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FIG. 9. Statistical hallmarks of the clone size distribution
for non-neutral competition. (a,b) Time evolution of the av-
erage clone size 〈〈s〉〉 (bright) and the variance 〈〈s2〉〉 − 〈〈s〉〉2
(dark) of the surviving population from simulations (dots)
in d = 1 and d = 2 spatial dimensions. (a’,b’) Surviving
clone size distribution P as a function of the clone size for
the same systems as shown in panels a and b, respectively.
Different colors show different time points (increasing time
from bright to dark). Curves show the solutions of the voter
model, Eq. (28), with parameters determined as described in
the main text. Parameters as in Fig. 8.
case in many biological tissues), interesting effects can
emerge. Not only do the stem cells preferentially gather
in the vicinity of the sources of the fate determinant (as
shown below), the interplay of random (i.e., diffusive)
cellular motion and loss-and-replacement dynamics can
lead to a peculiar behavior in the form of a quantization
of allowed stationary states.
Formally, this can be seen by realizing that the deter-
ministic part of the field theory for the density dynamics,
Eq. (15), has the form of an imaginary-time Schro¨dinger
equation,
∂ρ
∂t
= η∇2ρ+ V (x, t)ρ , (29)
where the kinetic term represents the cell motility and the
potential term represents the self-renewal capacity mod-
ulated by the presence of the fate determinant; hence,
the ‘potential’ V depends on position and time through
the concentration field, V (x, t) = λ[2h(φ(x, t)/φ0) − 1].
In contrast to a quantum wavefunction, the density field
ρ is real-valued; furthermore, Eq. (29) is part of a nonlin-
ear system with the dynamics of V indirectly depending
on ρ through the dynamics of φ. Nevertheless, the dy-
namics Eq. (29) imposes certain quantization conditions
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enforced by boundary conditions, i.e., through the same
mechanism that leads to discrete energy levels in genuine
quantum systems.
A simple but instructive example where such a quanti-
zation behavior can be observed—even at the level of
the individual-based model—is homeostasis on a one-
dimensional circular domain (with angular coordinate θ),
in the presence of a localized source J(θ) of the fate deter-
minant (Fig. 10a). Considering the limiting case of a very
steep feedback (n→∞), we find that the stationary state
of the individual-based model spatially decomposes into
a ‘self-renewal zone’ close to the source, where φ(x) > φ0,
and a ‘differentiation zone’ away from the source, where
φ(x) < φ0 (Fig. 10b). The majority of the cells gathers
in this self-renewal zone close to the source. Remark-
ably, while the overall shape of the stationary solution
depends on the width of the source region, the widths of
the self-renewal and differentiation zones do not1.
This idiosyncratic behavior can be traced back to a
quantization phenomenon: Using an analytical approxi-
mation (Appendix H), it can be shown that the system
can only attain solutions with a certain discrete set of
stationary angles θn separating self-renewal and differen-
tiation zones; the θn are proportional to the set of solu-
tions ϑn of the transcendental quantization condition
tanϑ = tanh(pi − ϑ) , (30)
(see Fig. 10c). Interestingly, the angle ϑ, which separates
the self-renewal and differentiation zones, is determined
by the dynamics of ρ alone. While Eq. (30) is a neces-
sary condition for the existence of a stationary solution in
this one-dimensional circular scenario, it is not sufficient;
whether a solution with boundary angle θn exists also
depends on the dynamics of the fate determinant. Since
the competition mechanism leads to more plateau-like
shapes of the stationary concentration profile of the fate
determinant for more extended source regions (Fig. 10b),
the presence of boundary angles with larger n becomes
increasingly hard to detect from numerical simulations of
the individual-based model.
In summary, when the fate determinant is supplied in
localized spatial domains, the competition-based mech-
anism leads to a preferential localization of the stem
cell population to the sources of the fate determinant.
This generically gives rise to structural domains for self-
renewal and differentiation, which, under special condi-
tions, can show hallmarks of a quantization behavior.
1 In the individual-based model, such a behavior can only be ob-
served if the extension of the cell density distribution around the
source is comparable to the system extension, i.e., if the system
‘feels’ the periodic boundary conditions.
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FIG. 10. Examples of quantization phenomena on a cir-
cular one-dimensional domain. (a) Spatially extended source
regions J(θ) used in the corresponding simulations shown in
panel b. The functional form is a Gaussian J(θ) = e−θ
2/2σ2
with σ/L = 0.10, 0.14, 0.18, 0.22 (from bright to dark). (b)
Simulation results of the individual-based model for the sta-
tionary stem cell density ρ(θ) (solid; rescaled by a factor of
0.05) and concentration profile φ(θ) of the fate determinant
(dashed) for the respective source regions shown in panel a.
The blue shaded region indicates where φ > φ0. Vertical
dashed lines show the boundary angles ±θ1, the smallest solu-
tion to Eq. (30). Parameters as in Fig. 2a except for γ = 10−3;
the domain length is L = 35. (c) Graphical representation of
the quantization condition: intersections of both curves cor-
respond to solutions to Eq. (30).
IX. DISCUSSION
Here we have introduced a generic model of stem cell den-
sity regulation in an open niche environment that is based
on competition for a fate determinant that ‘primes’ the
stochastic fate behavior of stem cells in a concentration-
dependent manner. Such behavior contrasts models of
homeostasis in ecological settings in which competition
for nutrients regulates population density by imposing a
finite energy supply leading to the starvation of excess
populations [66–71]. A key phenomenological difference
is that in systems governed by competition for fate de-
terminant, the resource that is competed for determines
the type but not the amount of progeny generated, as is
the case in the stem cell context, where a loss of stem
cells occurs through differentiation rather than death.
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The competition mechanism enables robust density
homeostasis during maintenance and in recovery follow-
ing severe perturbations from steady-state, such as that
imposed by abrupt stem cell depletions and artificial ini-
tial conditions created by de novo colonization scenarios,
followed by regeneration. We have demonstrated that
the long-time clonal dynamics can be captured by the
classical ‘voter dynamics’ in one and two dimensions, in
accordance with previous studies on the clonal behavior
of competing cells [45]. This leads to scaling clone size
distributions frequently observed in clonal lineage tracing
experiments in various biological tissues [54]. Moreover,
we have shown that a competitive advantage of a sub-
population of mutant clones entails a departure from the
scaling regime, but still gives rise to a power-law time
evolution of average quantities, whose exponents depend
on the spatial dimensionality.
Finally, we have shown that the competition mech-
anism can lead to a peculiar quantization of station-
ary states in the presence of inhomogeneous sources
of the fate determinant—a phenomenon that is related
to the formal similarity of the stem cell dynamics to
the Schro¨dinger dynamics governing quantum wavefunc-
tions, and which is observed even in the individual-based
model. Whether such quantization behavior could be
observed in vivo depends on the properties of the feed-
back mechanism, the localization of the fate-determinant
sources and the size of bounded domains.
Key features of the model dynamics, such as a lin-
ear dependence of the homeostatic stem cell density on
the supply of fate determinants, and pronounced density
oscillations during recovery from injury, have recently
been observed during the maintenance and recovery of
the stem cell compartments in murine testis [33]. This
biological system also provides an experimental platform
to test further model predictions on density fluctuations,
transplantation scenarios and non-neutral clonal compe-
tition, combining genetic modifications, intravital live-
imaging and clonal lineage tracing [21, 23, 29].
In tissues maintained by stem cells harbored by ‘closed’
(or ‘definitive’) niches of restricted spatial extension,
stem cells compete for limited niche access [30–32, 72, 73].
This scenario can be viewed as a special case of the pre-
sented mechanism in which fate determinants are only
produced and dispersed in localized domains reflecting
the spatially restricted niche regions [33]. In this regard,
the presented mechanism may serve as a more general
framework that captures the local rules of both faculta-
tive and definitive niche regions.
Our model also shares certain features with biologi-
cal and ecological models and model systems, while, at
the same time, displaying clear conceptual and formal
differences. In contrast to classical reproduction models
of random walking agents with built-in criticality [48–
50, 74, 75], the competition mechanism prevents diverg-
ing density fluctuations and leads to a spatial homoge-
nization of the cell density, although spatial fluctuations
with characteristic length scales can occur. Also, dif-
ferent from many one-component models of competing
random walkers, which typically include instantaneous
and nonlocal interactions [40–44], our entirely local com-
petition model does not exhibit any patterning instabil-
ities in the deterministic limit—features which, in any
case, depend on the details of the nonlocal interaction
[76, 77]. On a formal level, our model also has simi-
larities with models of ‘chemostats’, i.e., bioreactors in
which microorganisms compete for a constant supply of
nutrients; although these systems are usually well-mixed
and therefore do not entail finite-range interactions [78–
83]. Many models of tumor growth fall within the same
class of nutrient-limited expansion with a similar formal
structure; however, in this context, tissues are usually
compact and contiguous and mechanical interactions play
a key role, which alters the density fluctuation spectrum
[84–86]. Mechanisms of cross regulation between mul-
tiple cell populations as well as microbial ‘cartels’ have
been shown to enable the their stable coexistence, behav-
iors that have been modelled on a population level [87–
91]. Interestingly, it has recently been suggested that
the maintenance of fibroblast and macrophage popula-
tions, two abundant cell types in mammalian tissues,
may be based on a related competition mechanism: in
this framework, each population produces the growth fac-
tors that are consumed by the respective other popula-
tion, thereby mutually stabilizing their entire population
[90, 91]. The competition mechanism proposed here can
also be regarded as a form of inverse ‘quorum sensing’
[92, 93], whereby cells detect the density of their neigh-
bors through the lack (rather than abundance) of the
fate determinant for which they compete.
Our results demonstrate how the interplay of stochas-
tic cell fate dynamics and nonlinear fate control en-
ables a rich variety of dynamical and statistical phenom-
ena. It extends existing mean-field and field-theoretic
approaches of homeostasis by taking into account an ex-
plicit mediator of fate control whose kinetics have domi-
nant effects on the phase diagram, homeostatic densities,
fluctuations and transient phenomena. Even though be-
ing motivated by the dynamics of stem cells, this ap-
proach is not limited to tissue maintenance as investi-
gated here, but can also be applied to other biological
and ecological systems in which motile agents compete
for fate-controlling substances.
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Appendix A: Stability analysis
of the mean-field system
We obtain the phase diagram of the mean-field model
given by Eq. (6) through a standard linear stability anal-
ysis. Using the definition of the dimensionless parame-
ters µ and τ , Eqs. (9) and (10) and the equilibria given
by Eqs. (7) and (8), can be written as
q∗ =
(
2κφ0γ
−1µ
φ0
)
, q× =
(
0
(1 + µ)φ0
)
. (A1)
An equilibrium is stable if the real part of both eigen-
values of the Jacobian matrix J of Γ at the respective
equilibrium is negative. The eigenvalues of J(q∗) are
given by
e∗± =
κ
2
(
−1− nµ
2
±
√(
1 +
nµ
2
)2
− 2τnµ
)
. (A2)
For µ < 0, Re(e∗+) > 0, so that the homeostatic state is
unstable; for µ > 0, Re(e∗±) < 0, so that the homeostatic
state is stable. In the latter case, the eigenvalues ac-
quire an imaginary part if the inequality (11) is satisfied
(Fig. 2d), and the imaginary part of the eigenvalues (A2)
is given by Eq. (12). The eigenvalues of J(q×) are given
by
e×1 =
(
1− 2
1 + (1 + µ)n
)
λ , e×2 = −κ . (A3)
Both eigenvalues are always real and, since κ > 0, sta-
bility is determined by e×1 . For µ < 0, e
×
1 < 0 and the
loss state is stable; for µ > 0, e×1 > 0 and the loss state
is unstable.
Appendix B: Non-existence of limit cycles
in the mean-field system
The existence of limit cycles in the mean-field system
Eq. (6) can be ruled out by the Dulac–Bendixson cri-
terion [94]: The system has no periodic solution lying
entirely within a simply connected region D if there ex-
ists a C1 function Φ(q), such that the sign of the function
U(q) =∇·Φ(q)Γ(q), where Γ is the reaction field defined
by Eq. (6), is constant everywhere within D. Let D be
the region ρ > 0, φ ∈ R. For the choice Φ(q) = ρ−1, we
obtain U(q) = −κ/ρ− (γ/φ0)h′(φ/φ0) which, for h′ > 0,
is negative everywhere within D.
Appendix C: Approximation of the
static structure factor
Here we compute the approximation Eq. (17) of the
static structure factor S(k) from a stochastic contin-
uum theory approximating the individual-based model
given by Eqs. (1–4). This continuum theory for the
cell density ρ(x, t) =
∑
i δ(x − xi) and the concentra-
tion field φ(x, t) of the fate determinant is derived by
combining an exact density representation of the random
walk dynamics Eq. (1) with a system-size expansion of
the birth-death process (2) [45, 95, 96]. Together with
Eq. (4) for the dynamics of the fate determinant, this
yields Eqs. (15) and (16). Defining the density deviation
δρ(x, t) = ρ(x, t) − 〈ρ(x, t)〉, the definition of the static
structure factor, Eq. (17), can be expressed as
S(k) =
1
〈ρ〉
∫
d2x e−ik·x〈δρ(0, t)δρ(x, t)〉 . (C1)
To obtain an explicit expression for S(k), we linearize
Eqs. (15) and (16) around the mean-field solution (ρ∗, φ∗)
given by Eqs. (7) and expect our approximation to be
the better the closer the actual expectation values 〈ρ〉
and 〈φ〉 match the mean-field results. Using the ansatz
ρ = ρ∗+δρ and φ = φ∗+δφ, and expanding in δρ and δφ,
we obtain the time evolution of the density deviations as
∂
∂t
δρ ' η∇2δρ+ α δφ+√2ηρ∗∇ · ξ +√λρ∗ζ ,
∂
∂t
δφ ' D∇2δφ− β δφ− Ω
2
α
δρ ,
(C2)
where
α =
λnρ∗
2φ0
, β =
(
1 +
nµ
2
)
κ , Ω =
√
nµλκ
2
.
Fourier transforming Eqs. (C2) yields
iωδ̂ρ(k, ω) = ηk2δ̂ρ(k, ω)− α δ̂φ(k, ω)− ψˆ(k, ω) ,
iωδ̂φ(k, ω) = (Dk2 + β)δ̂φ(k, ω) + α−1Ω2δ̂ρ(k, ω) .
(C3)
with the convention fˆ(k, ω) =
∫
d2x dt ei(ωt−k·x)f(x, t).
Here, ψˆ is the Fourier transform of the noise from both
the cellular random walk and the birth-death process,
ψˆ(k, ω) =
√
ρ∗
∫
d2x dt ei(ωt−k·x)
[√
2η∇ · ξ(x, t) +
√
λζ(x, t)
]
, (C4)
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which has the correlation function
〈ψˆ(k, ω)ψˆ(k′, ω′)〉 = (2pi)3ρ∗(2ηk2 + λ)δ(k + k′)δ(ω + ω′) . (C5)
The solution to Eqs. (C3) is given by
δ̂ρ(k, ω) =
−iω +Dk2 + β
∆(k, ω)
ψˆ(k, ω) , δ̂φ(k, ω) = −γ
2
1
∆(k, ω)
ψˆ(k, ω) , (C6)
where ∆(k, ω) = (−iω + ηk2)(−iω +Dk2 + β) + Ω2. Using Eq. (C5), the correlators for δρ and δφ are given by
〈δ̂ρ(k, ω)δ̂ρ(k′, ω′)〉 = 8pi3ρ∗(ω2 + (Dk2 + β)2)Λ(k, ω)δ(k + k′)δ(ω + ω′) ,
〈δ̂φ(k, ω)δ̂φ(k′, ω′)〉 = 2pi3ρ∗γ2Λ(k, ω)δ(k + k′)δ(ω + ω′) ,
(C7)
where
Λ(k, ω) =
2ηk2 + λ
(ω2 + η2k4)(ω2 + (Dk2 + β)2)− 2Ω2[ω2 − ηk2(Dk2 + β)] + Ω4 . (C8)
Defining the function Sˆ(k, ω) through (2pi)3δ(k + k′)δ(ω + ω′)Sˆ(k, ω) = 〈δ̂ρ(k, ω)δ̂ρ(k′, ω′)〉, the result Eq. (17) is
obtained as the backtransform S(k) = (2pi)−1〈ρ〉−1 ∫ dω Sˆ(k, ω).
In the long-wavelength limit k→ 0, the structure factor
is given by
S(0) =
λ√
32βΩ2
(ω+0 − ω−0 )(2β + ω+0 ω−0 )
ω00
, (C9)
with the functions ω0 and ω± given by Eqs. (18). In the
active phase (µ > 0) and with non-vanishing parameters,
this expression remains finite. The limiting case n → 0,
where n is the exponent of the nonlinear feedback func-
tion Eq. (3), corresponds to a random walk with an inter-
actionless critical birth-death process (p = h(φ) = 1/2);
since Ω ∼ √n, S(0) diverges in the limit n→ 0, signaling
giant density fluctuations [51]. In this case, the structure
factor reduces to Eq. (14).
An analogous calculation yields the corresponding
structure factor Sφ for the distribution of fate determi-
nants,
Sφ(k) =
1
〈φ〉
∫
d2x e−ik·x〈δφ(0, t)δφ(x, t)〉
=
ρ0γ
2(2uk + λ)√
32φ0(ω
+
k + ω
−
k )(ukvk + Ω
2)
,
(C10)
where we have used the definitions Eqs. (18).
Appendix D: Absence of patterning instabilities
We show that the deterministic limit of the continuum
theory, i.e., Eqs. (15) and (16) with ξ = 0 and ζ = 0,
does not exhibit any patterning instabilities. Linearizing
Eqs. (15) and (16) around the homogeneous state (ρ, φ) =
(ρ∗, φ∗), given by Eqs. (7), and Fourier transforming in
space yields
∂
∂t
(
δ̂ρ(k, t)
δ̂φ(k, t)
)
= J(k)
(
δ̂ρ(k, t)
δ̂φ(k, t)
)
, (D1)
where the hat denotes the spatial Fourier transform,
fˆ(k, t) =
∫
d2x e−ik·xf(x, t), and the Jacobian is given
by
J(k) =
(−ηk2 λκnµ/γ
−γ/2 −Dk2 − β
)
. (D2)
The eigenvalues e+ and e− of J(k) are given by
2e±(k) = tr J(k)±
√
[tr J(k)]2 − 4 det J(k) . (D3)
Since tr J(k) < 0, a mode k could only become unstable
if the square root is larger than |tr J(k)|. However, since
det J(k) = ηk2(Dk2 + β) +
λκnµ
2
> 0 , (D4)
this is never the case, so that for µ > 0, the homogeneous
state is always stable in the active phase.
Appendix E: Quasi-static description of
propagating front dynamics
To obtain the effective evolution equation (23) for the cell
density, we take the noiseless limit of Eq. (15), i.e., ξ = 0
and ζ = 0. To further simplify the analysis, we consider
a vanishing diffusion D = 0 of the fate determinant and
a Hill exponent n = 1 for the feedback function h. Non-
dimensionalizing the system according to ρ→ ρ/ρ∗, φ→
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φ/φ0, x →
√
λ/ηx and t → λt, the resulting dynamic
equations are given by
∂ρ
∂t
=∇2ρ+ (2h(φ)− 1)ρ , (E1)
τ
∂φ
∂t
= 1− φ+ µ(1− 2h(φ)ρ) , (E2)
where τ = λ/κ is the inertial parameter introduced in
Eq. (10) and h is given by Eq. (3). Taking the quasi-
static limit τ → 0 in Eq. (E2) and solving for h, we
obtain
h =
1
2
+
µ+ 2 +
√
1 + µ+ µ2(1− 2ρ)2/4
2µρ
. (E3)
Using Eq. (E3) in Eq. (E1) yields Eqs. (23) and (24).
The resulting reaction term F, given by Eq. (24), is of
the Fisher–KPP-type [59], i.e., it satisfies (i) F′(0) > 0,
which follows from F′(0) = (2ρ0)−1, and (ii) F′(ρ) < F′(0)
for 0 < ρ < 1, which follows from the fact that F′′(ρ) =
−(1 + µ)/(µ2(ρ2 − ρ + ρ20)3/2) is negative for 0 < ρ < 1
and µ > 0.
Appendix F: Steady states for two populations with
differential responsiveness to the fate determinant
Here we show that, at the mean-field level, a system with
two stem cell populations ‘W’ and ‘M’ with a differen-
tial responsiveness to the fate determinant will lead to
extinction of the less responsive population ‘W’, as de-
tailed in Section VII. In the spirit of Eq. (6), we analyze
the steady states of a mean-field system with density co-
ordinate Q = (ρW, ρM, φ), where ρW and ρM are the
mean-field densities of the respective stem cell popula-
tions. Defining the proliferative advantage a of popula-
tion ‘M’ via the difference in fate-determinant threshold
levels,
φM0 = (1− a)φW0 , 0 < a < 1 , (F1)
and rescaling φ→ φ/φW0 , the mean-field system describ-
ing the scenario in Section VII is given by
dQ
dt
=
 λ(2h(φ)− 1)ρWλ(2h([1− a]−1φ)− 1)ρM
ν − κφ− γh(φ)(ρW + ρM)
 . (F2)
The first two components clearly reveal that the system
can only attain a steady state if either ρW = 0 = ρM
(loss state) or if one of the mutually exclusive conditions
(i) φ = 1 and ρM = 0 or (ii) φ = 1 − a and ρW = 0
is fulfilled, showing that both populations cannot stably
coexist. The equilibria with finite cell densities are given
by
QW∗ =

2(ν−κφ0)
γ
0
1
 , QM∗ =
 0ν−κ+aκγh(1−a)
1− a
 . (F3)
Notably, homeostasis of the population ‘W’ is always un-
stable: one of the eigenvalues of the Jacobian matrix of
the reaction field Eq. (F2) evaluated at QW∗ is given by
λa/(2− a), which is always positive for 0 < a < 1. This
shows that, on the mean-field level, the population ‘W’
always becomes extinct in the presence of the popula-
tion ‘M’. In contrast, the stability of QM∗ depends on
the kinetic parameters of the fate determinant in a way
similar to the one derived in Appendix A for the one-
population homeostatic state.
Appendix G: Non-neutral clonal dynamics
in d = 1 dimension
We derive the asymptotic solution of the biased lattice
voter model in d = 1 dimensions. In one dimension, the
clone size s (i.e., the number of contiguous lattice sites
with the higher proliferation rate) is equivalent to the
position of its boundary, whose dynamics is described by
a random walk with a directional bias of degree v [65].
The corresponding master equation for the probability
Π = Π(s, t) to find a clone of size s at time t on a periodic
domain of length ` is given by
∂
∂t
Π =
{
(1 + v)Sˆ− − 2 + (1− v)Sˆ+
− δs,1(1 + v)Sˆ− − δs,`−1(1− v)Sˆ+
+ 2(δs,0 + δs,`)
}
Π ,
(G1)
where we have set the total transition rate to unity
and where we have implied the boundary conditions
Π(−1, t) = 0 = Π(` + 1, t). Here, Sˆ± are ladder oper-
ators defined by Sˆ±Π(s, t) = Π(s ± 1, t). The solution
away from the boundaries is given by [65]
Π(s, t)
∣∣∣
1≤s≤`−1
=
2
`
eε(s−1)
`−1∑
j=1
sin(kj) sin(skj)
× e−2
√
1−v2Σ(ki)t ,
(G2)
where we have defined kj = pij/`, the composite param-
eter ε as in Eq. (27), as well as
Σ(k) = 2
(
sin
k
2
)2
+
1√
1− v2 − 1 . (G3)
The solutions at the absorbing boundaries s = 0 and
s = ` have a different form, which we neglect here
since we are interested only in the surviving population.
The continuum limit (` → ∞) is obtained by replacing
`−1
∑`−1
j=1f(kj) → pi−1
∫ pi
0
dk f(k) in Eq. (G2). A sta-
tionary phase approximation, i.e., expanding sin(k/2)2 '
k2/4 + O(k4) in the function Σ(k) and carrying out the
integral in Eq. (G2), yields the contribution of the dom-
inant modes in the asymptotic limit. The resulting ex-
pression contains error functions (erf) of time, which in
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the asymptotic limit converge to unity. Thus, we arrive
at the approximation Π(s, t) ' Π˜(s, t) with
Π˜(s, t)
∣∣∣
s>0
=
√
ε
2pirt
e(ε
2+2)
√
1−v2t−2t
× (e−ε(s−1−rt)2/(2rt)
− e−2εe−ε(s+1−rt)2/(2rt)) ,
(G4)
with r given by Eq. (27). Considering the Gaussian na-
ture of Π˜, the lower integration bound for any average
of the surviving population can be extended to −∞ in
the limit of long times, so that the surviving clone size
distribution P can be approximated by
P (s, t) ≡ Π(s, t)
1−Π(0, t) '
Π˜(s, t)∫∞
−∞ Π˜(s
′, t) ds′
, (G5)
which results in Eq. (26).
Appendix H: Quantized stationary states
In this Appendix, we derive the quantization condition
Eq. (30) from Eq. (29) in the limiting case of a infinitely
sharp feedback h(φ) = Θ(φ− φ0), where Θ is the Heavi-
side function. Considering a symmetric fate-determinant
source J(θ) = J(−θ) and rescaling time and angles ac-
cording to t→ λt and θ → θ/√η˜/λ where η˜ is the angu-
lar motility constant2, the density equation (29) reduces
to
∂ρ
∂t
=
∂2ρ
∂θ2
+ sign(φ− φ0)ρ . (H1)
In contrast to a complex quantum wavefunction, the real
density field ρ does not oscillate and, hence, the corre-
sponding stationary equation, 0 = d2ρ/dθ2 + sign(φ −
φ0)ρ, does not contain an energy eigenvalue that can pos-
sibly suffer from quantization; the only free parameters
are those that parametrize the real solution. Motivated
by the symmetry of the source, we now assume that the
stationary state arranges such that there are two regions
for φ(θ), one in which φ > φ0 (close to the source) and
one in which φ < φ0 (away from the source), and define
ϑ as the boundary angle of these regions, i.e., the posi-
tive value that satisfies φ(ϑ) = φ0. Hence, the stationary
equation becomes
d2ρ
dθ2
= sign(|θ| − ϑ)ρ . (H2)
This equation has the piecewise solution
ρ(θ) =
{
cint cos θ |θ| < ϑ
cext cosh(pi − θ) |θ| > ϑ , (H3)
where the constants cint and cext are determined by con-
tinuity and differentiability conditions; these yield the
relation cint/cext = cosh(pi − ϑ)/ cosϑ and the quantiza-
tion condition
cext[sinh(pi − ϑ)− cosh(pi − ϑ) tan(ϑ)] = 0 . (H4)
Eq. (H4) can only be fulfilled for cext = 0 or if the term in
parentheses vanishes. Rearranging Eq. (H4) for cext 6= 0
yields the parameter-free equation (30). This derivation
shows that the angle ϑ, which separates the self-renewal
and differentiation zones, is determined by the dynam-
ics of ρ alone. In principle, given the stationary solu-
tion ρ(θ), the corresponding solution for φ could be de-
rived from Eq. (16). However, even in limiting cases,
this yields lengthy expressions which do not provide any
further qualitative insights into the quantization mecha-
nism.
[1] L. Siminovitch, E. A. McCulloch, and J. E. Till,
“The distribution of colony-forming cells among spleen
colonies,” J. Cell. Comp. Physiol. 62, 327–336 (1963).
[2] B. D. Simons and H. Clevers, “Strategies for Homeostatic
Stem Cell Self-Renewal in Adult Tissues,” Cell 145, 851–
862 (2011).
[3] E. Clayton, D. P. Doupe´, A. M. Klein, D. J. Winton,
B. D. Simons, and P. H. Jones, “A single type of pro-
genitor cell maintains normal epidermis.” Nature 446,
185–189 (2007).
[4] N. Barker, J. H. van Es, J. Kuipers, P. Kujala,
M. van den Born, M. Cozijnsen, A. Haegebarth, J. Korv-
2 The angular motility η˜ is related to the ‘Euclidean’ motility con-
stant η by η˜ = η/R2 where R is the radius of the periodic domain.
ing, H. Begthel, P. J. Peters, and H. Clevers, “Identifica-
tion of stem cells in small intestine and colon by marker
gene Lgr5,” Nature 449, 1003–1007 (2007).
[5] T. Nakagawa, Y.-i. Nabeshima, and S. Yoshida, “Func-
tional Identification of the Actual and Potential Stem
Cell Compartments in Mouse Spermatogenesis,” Dev.
Cell 12, 195–206 (2007).
[6] A. M. Klein, T. Nakagawa, R. Ichikawa, S. Yoshida,
and B. D. Simons, “Mouse germ line stem cells undergo
rapid and stochastic turnover,” Cell Stem Cell 7, 214–224
(2010).
[7] H. J. Snippert, L. G. van der Flier, T. Sato, J. H. van
Es, M. van den Born, C. Kroon-Veenboer, N. Barker,
A. M. Klein, J. van Rheenen, B. D. Simons, and
H. Clevers, “Intestinal Crypt Homeostasis Results from
Neutral Competition between Symmetrically Dividing
16
Lgr5 Stem Cells,” Cell 143, 134–144 (2010).
[8] C. Lopez-Garcia, A. M. Klein, B. D. Simons, and D. J.
Winton, “Intestinal stem cell replacement follows a pat-
tern of neutral drift,” Science 330, 822–825 (2010).
[9] G. Driessens, B. Beck, A. Caauwe, B. D. Simons, and
C. Blanpain, “Defining the mode of tumour growth by
clonal analysis,” Nature 488, 527–530 (2012).
[10] K. Kretzschmar and F. M. Watt, “Lineage Tracing,” Cell
148, 33–45 (2012).
[11] A. G. Schepers, H. J. Snippert, D. E. Stange, M. van den
Born, J. H. van Es, M. van de Wetering, and H. Clevers,
“Lineage Tracing Reveals Lgr5+ Stem Cell Activity
in Mouse Intestinal Adenomas,” Science 337, 730–735
(2012).
[12] C. Blanpain and B. D. Simons, “Unravelling stem cell
dynamics by lineage tracing.” Nat. Rev. Mol. Cell Biol.
14, 489–502 (2013).
[13] S. Rulands, F. Lescroart, S. Chabab, C. J. Hindley,
N. Prior, M. K. Sznurkowska, M. Huch, A. Philpott,
C. Blanpain, and B. D. Simons, “Universality of clone
dynamics during tissue development,” Nat. Phys. (2018).
[14] K. Schepers, E. Swart, J. W. J. van Heijst, C. Gerlach,
M. Castrucci, D. Sie, M. Heimerikx, A. Velds, R. M.
Kerkhoven, R. Arens, and T. N. M. Schumacher, “Dis-
secting T cell lineage relationships by cellular barcoding,”
J. Exp. Med. 205, 2309–2318 (2008).
[15] A. Gerrits, B. Dykstra, O. J. Kalmykowa, K. Klauke,
E. Verovskaya, M. J. C. Broekhuis, G. de Haan, and
L. V. Bystrykh, “Cellular barcoding tool for clonal anal-
ysis in the hematopoietic system,” Blood 115, 2610–2618
(2010).
[16] R. Lu, N. F. Neff, S. R. Quake, and I. L. Weissman,
“Tracking single hematopoietic stem cells in vivo using
high-throughput sequencing in conjunction with viral ge-
netic barcoding.” Nat. Biotech. 29, 928–933 (2011).
[17] E. Verovskaya, M. J. C. Broekhuis, E. Zwart, M. Rit-
sema, R. van Os, G. de Haan, and L. V. Bystrykh,
“Heterogeneity of young and aged murine hematopoietic
stem cells revealed by quantitative clonal analysis using
cellular barcoding,” Blood 122, 523–532 (2013).
[18] L. V. Nguyen, C. L. Cox, P. Eirew, D. J. H. F.
Knapp, D. Pellacani, N. Kannan, A. Carles, M. Moksa,
S. Balani, S. Shah, M. Hirst, S. Aparicio, and C. J.
Eaves, “DNA barcoding reveals diverse growth kinetics
of human breast tumour subclones in serially passaged
xenografts,” Nat. Commun. 5, 5871 (2014).
[19] L. Thielecke, T. Aranyossy, A. Dahl, R. Tiwari,
I. Roeder, H. Geiger, B. Fehse, I. Glauche, and
K. Cornils, “Limitations and challenges of genetic bar-
code quantification,” Sci. Rep. 7 (2017).
[20] X. Lan, D. J. Jo¨rg, F. M. G. Cavalli, L. M. Richards,
L. V. Nguyen, R. J. Vanner, P. Guilhamon, L. Lee,
M. M. Kushida, D. Pellacani, N. I. Park, F. J. Coutinho,
H. Whetstone, H. J. Selvadurai, C. Che, B. Luu, A. Car-
les, M. Moksa, N. Rastegar, R. Head, S. Dolma, P. Pri-
nos, M. D. Cusimano, S. Das, M. Bernstein, C. H. Ar-
rowsmith, A. J. Mungall, R. A. Moore, Y. Ma, M. Gallo,
M. Lupien, T. J. Pugh, M. D. Taylor, M. Hirst, C. J.
Eaves, B. D. Simons, and P. B. Dirks, “Fate mapping of
human glioblastoma reveals an invariant stem cell hier-
archy.” Nature 549, 227–232 (2017).
[21] T. Nakagawa, M. Sharma, Y.-i. Nabeshima, R. E. Braun,
and S. Yoshida, “Functional Hierarchy and Reversibility
Within the Murine Spermatogenic Stem Cell Compart-
ment,” Science 328, 62–67 (2010).
[22] P. Rompolas, E. R. Deschene, G. Zito, D. G. Gonzalez,
I. Saotome, A. M. Haberman, and V. Greco, “Live imag-
ing of stem cell and progeny behaviour in physiological
hair-follicle regeneration,” Nature 487, 496–499 (2012).
[23] K. Hara, T. Nakagawa, H. Enomoto, M. Suzuki, M. Ya-
mamoto, B. D. Simons, and S. Yoshida, “Mouse sper-
matogenic stem cells continually interconvert between
equipotent singly isolated and syncytial states.” Cell
Stem Cell 14, 658–672 (2014).
[24] L. Ritsma, S. I. J. Ellenbroek, A. Zomer, H. J. Snip-
pert, F. J. de Sauvage, B. D. Simons, H. Clevers, and
J. van Rheenen, “Intestinal crypt homeostasis revealed
at single-stem-cell level by in vivo live imaging,” Nature
507, 362–365 (2014).
[25] G.-A. Pilz, S. Bottes, M. Betizeau, D. J. Jo¨rg, S. Carta,
B. D. Simons, F. Helmchen, and S. Jessberger, “Live
imaging of neurogenesis in the adult mouse hippocam-
pus,” Science 359, 658–662 (2018).
[26] K. R. Mesa, K. Kawaguchi, K. Cockburn, D. Gonzalez,
J. Boucher, T. Xin, A. M. Klein, and V. Greco, “Homeo-
static Epidermal Stem Cell Self-Renewal Is Driven by Lo-
cal Differentiation,” Cell Stem Cell 23, 677–686 (2018).
[27] S. Rulands and B. D. Simons, “Emergence and universal-
ity in the regulation of stem cell fate,” Curr. Opin. Sys.
Biol. 5, 57–62 (2017).
[28] M. Loeffler and I. Roeder, “Tissue Stem Cells: Definition,
Plasticity, Heterogeneity, Self-Organization and Models
– A Conceptual Approach,” Cells Tissues Organs 171,
8–26 (2002).
[29] S. Yoshida, M. Sukeno, and Y.-i. Nabeshima, “A
vasculature-associated niche for undifferentiated sper-
matogonia in the mouse testis,” Science 317, 1722–1726
(2007).
[30] S. J. Morrison and A. C. Spradling, “Stem Cells and
Niches: Mechanisms That Promote Stem Cell Mainte-
nance throughout Life,” Cell 132, 598–611 (2008).
[31] R. R. Stine and E. L. Matunis, “Stem cell competition:
finding balance in the niche,” Trends Cell Biol. 23, 357–
364 (2013).
[32] S. Yoshida, “Open niche regulation of mouse spermato-
genic stem cells,” Develop. Growth Differ. 60, 542–552
(2018).
[33] Y. Kitadate, D. J. Jo¨rg, M. Tokue, A. Maruyama,
R. Ichikawa, S. Tsuchiya, E. Segi-Nishida, T. Nakagawa,
A. Uchida, C. Kimura-Yoshida, S. Mizuno, F. Sugiyama,
T. Azami, M. Ema, C. Noda, S. Kobayashi, I. Matsuo,
Y. Kanai, T. Nagasawa, Y. Sugimoto, S. Takahashi, B. D.
Simons, and S. Yoshida, “Competition for Mitogens Reg-
ulates Spermatogenic Stem Cell Homeostasis in an Open
Niche,” Cell Stem Cell 24, 79–92 (2019).
[34] C. A. Klausmeier and D. Tilman, “Spatial Models of
Competition,” in Competition and Coexistence (Springer,
Berlin, Heidelberg, Berlin, Heidelberg, 2002) pp. 43–78.
[35] P. Amarasekare, “Competitive coexistence in spatially
structured environments: a synthesis,” Ecol. Lett. 6,
1109–1122 (2003).
[36] M. Kim and D. Or, “Individual-Based Model of Microbial
Life on Hydrated Rough Soil Surfaces,” PLOS ONE 11,
e0147394–31 (2016).
[37] M. A. Fuentes, M. N. Kuperman, and V. M. Kenkre,
“Nonlocal interaction effects on pattern formation in
population dynamics,” Phys. Rev. Lett. 91, 158104
(2003).
17
[38] D. A. Birch and W. R. Young, “A master equation for a
spatial population model with pair interactions,” Theor.
Pop. Biol. 70, 26–42 (2006).
[39] E. Brigatti, V. Schwa¨mmle, and M. A. Neto, “Individual-
based model with global competition interaction: Fluc-
tuation effects in pattern formation,” Phys. Rev. E 77,
021914 (2008).
[40] E. Herna´ndez-Garc´ıa and C. Lo´pez, “Clustering, advec-
tion, and patterns in a model of population dynamics
with neighborhood-dependent rates,” Phys. Rev. E 70,
016216 (2004).
[41] F. Ramos, C. Lo´pez, E. Herna´ndez-Garc´ıa, and M. A.
Mun˜oz, “Crystallization and melting of bacteria colonies
and Brownian bugs,” Phys. Rev. E 77, 021102 (2008).
[42] E. Heinsalu, E. Herna´ndez-Garc´ıa, and C. Lo´pez, “Spa-
tial clustering of interacting bugs: Le´vy flights versus
Gaussian jumps,” EPL (Europhys. Lett.) 92, 40011–7
(2010).
[43] E. Heinsalu, E. Herna´ndez-Garc´ıa, and C. Lo´pez, “Com-
petitive Brownian and Le´vy walkers,” Phys. Rev. E 85,
041105 (2012).
[44] E. Herna´ndez-Garc´ıa, E. Heinsalu, and C. Lo´pez, “Spa-
tial patterns of competing random walkers,” Ecol. Com-
plex. 21, 166–176 (2015).
[45] H. Yamaguchi, K. Kawaguchi, and T. Sagawa, “Dynam-
ical crossover in a stochastic model of cell fate decision,”
Phys. Rev. E 96, 012401 (2017).
[46] J. Keener and J. Sneyd, Mathematical Physiology, 2nd
ed. (Springer, 2008).
[47] W. D. DeWys, A. Goldin, and N. Mantel, “Hematopoi-
etic Recovery after Large Doses of Cyclophosphamide:
Correlation of Proliferative State with Sensitivity,” Can-
cer Research 30, 1692–1697 (1970).
[48] B. Houchmandzadeh, “Clustering of diffusing organ-
isms,” Phys. Rev. E 66, 052902 (2002).
[49] B. Houchmandzadeh, “Neutral Clustering in a Simple
Experimental Ecological Community,” Phys. Rev. Lett.
101, 078103 (2008).
[50] B. Houchmandzadeh, “Theory of neutral clustering for
growing populations,” Phys. Rev. E 80, 051920 (2009).
[51] S. Ramaswamy, R. A. Simha, and J. Toner, “Active
nematics on a substrate: Giant number fluctuations and
long-time tails,” EPL (Europhys. Lett.) 62, 196 (2003).
[52] V. Narayan, S. Ramaswamy, and N. Menon, “Long-
lived giant number fluctuations in a swarming granular
nematic,” Science 317, 105 (2007).
[53] E´. Hannezo, C. L. G. J. Scheele, M. Moad, N. Drogo,
R. Heer, R. V. Sampogna, J. van Rheenen, and B. D.
Simons, “A Unifying Theory of Branching Morphogene-
sis,” Cell 171, 242 (2017).
[54] A. M. Klein and B. D. Simons, “Universal patterns of
stem cell fate in cycling adult tissues,” Development 138,
3103–3111 (2011).
[55] P. Clifford and A. Sudbury, “A model for spatial con-
flict,” Biometrika 60, 581 (1973).
[56] A. Sudbury, “The size of the region occupied by one
type in an invasion process,” J. Appl. Prob. 13, 355–356
(1976).
[57] S. Sawyer, “A limit theorem for patch sizes in a
selectively-neutral migration model,” J. Appl. Prob. 16,
482–495 (1979).
[58] M. Bramson and D. Griffeath, “Asymptotics for interact-
ing particle systems on Zd,” Z. Wahrscheinlichkeitstheor.
Verw. Geb. 53, 183–196 (1980).
[59] M. Cencini, C. Lopez, and D. Vergni, “Reaction-diffusion
systems: Front propagation and spatial structures,” in
The Kolmogorov Legacy in Physics, edited by R. Livi and
A. Vulpiani (Springer Berlin Heidelberg, Berlin, Heidel-
berg, 2003) pp. 187–210.
[60] A. Goriely, G. A. T. McVean, M. Ro¨jmyr, B. Ingemars-
son, and A. O. M. Wilkie, “Evidence for selective advan-
tage of pathogenic FGFR2 mutations in the male germ
line,” Science 301, 643–646 (2003).
[61] A. Goriely and A. O. M. Wilkie, “Paternal age effect mu-
tations and selfish spermatogonial selection: Causes and
consequences for human disease,” Am. J. Hum. Genet.
90, 175–200 (2012).
[62] D. P. Slaughter, H. W. Southwick, and W. Smejkal,
“‘Field cancerization’ in oral stratified squamous epithe-
lium. Clinical implications of multicentric origin,” Cancer
6, 963–968 (1953).
[63] A. M. Klein, V. Nikolaidou-Neokosmidou, D. P. Doupe´,
P. H. Jones, and B. D. Simons, “Patterning as a signa-
ture of human epidermal stem cell regulation,” J. Roy.
Soc. Interface 8, 1815–1824 (2011).
[64] T. Williams and R. Bjerknes, “Stochastic model for ab-
normal clone spread through epithelial basal layer,” Na-
ture 236, 19–21 (1972).
[65] H. J. Snippert, A. G. Schepers, J. H. van Es, B. D.
Simons, and H. Clevers, “Biased competition between
Lgr5 intestinal stem cells driven by oncogenic mutation
induces clonal expansion,” EMBO Rep. 15, 62–69 (2013).
[66] P. F. Verhulst, “Recherches mathe´matiques sur la loi
d’accroissement de la population,” Nouveaux me´moires
de l’Acade´mie Royale des Sciences et Belles-Lettres de
Bruxelles 18, 14–54 (1845).
[67] T. W. Schoener, “Population growth regulated by in-
traspecific competition for energy or time: Some simple
representations,” Theor. Pop. Biol. 4, 56–84 (1973).
[68] D. Tilman, “Resource Competition between Plankton Al-
gae: An Experimental and Theoretical Approach,” Ecol-
ogy 58, 338–348 (1977).
[69] J.D. Murray, Mathematical Biology, Biomathematics
(Springer-Verlag) (Springer Berlin, 1990).
[70] O. Lejeune, M. Tlidi, and P. Couteron, “Localized veg-
etation patches: A self-organized response to resource
scarcity,” Phys. Rev. E 66, 010901 (2002).
[71] K. D. Young, S. M. Ferreira, and R. J. van Aarde,
“The influence of increasing population size and vegeta-
tion productivity on elephant distribution in the Kruger
National Park,” Austral. Ecology 34, 329–342 (2009).
[72] Y. Kitadate, S. Shigenobu, K. Arita, and S. Kobayashi,
“Boss/Sev Signaling from Germline to Soma Restricts
Germline-Stem-Cell-Niche Formation in the Anterior Re-
gion of Drosophila Male Gonads,” Dev. Cell 13, 151 – 159
(2007).
[73] L. A. Johnston, “Competitive Interactions Between Cells:
Death, Growth, and Geography,” Science 324, 1679–
1682 (2009).
[74] Y.-C. Zhang, M. Serva, and M. Polikarpov, “Diffusion
reproduction processes,” J. Stat. Phys. 58, 849 (1990).
[75] W. R. Young, A. J. Roberts, and G. Stuhne, “Reproduc-
tive pair correlations and the clustering of organisms,”
Nature 412, 328 (2001).
[76] S. Pigolotti, C. Lo´pez, and E. Herna´ndez-Garc´ıa,
“Species Clustering in Competitive Lotka-Volterra Mod-
els,” Phys. Rev. Lett. 98, 258101 (2007).
18
[77] S. Pigolotti, C. Lo´pez, E. Herna´ndez-Garc´ıa, and K. H.
Andersen, “How Gaussian competition leads to lumpy
or uniform species distributions,” Theor. Ecol. 3, 89–96
(2009).
[78] J. Monod, “The growth of bacterial cultures,” Annu.
Rev. Microbiol. 3, 371–394 (1949).
[79] D. Herbert, R. Elsworth, and R. C. Telling, “The contin-
uous culture of bacteria; a theoretical and experimental
study.” J. Gen. Microbiol. 14, 601–622 (1956).
[80] H. L. Smith and P. Waltman, The Theory of the Chemo-
stat: Dynamics of Microbial Competition (Cambridge
University Press, 1995).
[81] F. Campillo, M. Joannides, and I. Larramendy-Valverde,
“Stochastic modeling of the chemostat,” Ecol. Model.
222, 2676–2689 (2011).
[82] F. Campillo and C. Fritsch, “Weak Convergence of a
Mass-Structured Individual-Based Model,” Appl. Math.
Optim. 72, 37–73 (2015).
[83] M. J. Wade, J. Harmand, B. Benyahia, T. Bouchez,
S. Chaillou, B. Cloez, J. J. Godon, B. M. Boudjemaa,
A. Rapaport, T. Sari, R. Arditi, and C. Lobry, “Perspec-
tives in mathematical modelling for microbial ecology,”
Ecol. Model. 321, 64–74 (2016).
[84] J. S. Lowengrub, H. B. Frieboes, F. Jin, Y.-L. Chuang,
X. Li, P. Macklin, S. M. Wise, and V. Cristini, “Nonlin-
ear modelling of cancer: bridging the gap between cells
and tumours,” Nonlinearity 23, R1–R91 (2009).
[85] A. Chauviere, A. Hatzikirou, I. G. Kevrekidis, J. S.
Lowengrub, and V. Cristini, “Dynamic density func-
tional theory of solid tumor growth: Preliminary mod-
els,” AIP Advances 2, 011210–14 (2012).
[86] H. M. Al-Saedi, A. J. Archer, and J. Ward, “Dynam-
ical density-functional-theory-based modeling of tissue
dynamics: Application to tumor growth,” Phys. Rev. E
98, 022407 (2018).
[87] S. Kunche, H. Yan, A. L. Calof, J. S. Lowengrub, and
A. D. Lander, “Feedback, Lineages and Self-Organizing
Morphogenesis,” PLOS Comp. Biol. 12, e1004814–34
(2016).
[88] T. Taillefumier, A. Posfai, Y. Meir, and N. S. Wingreen,
“Microbial consortia at steady supply,” eLife 6, e22644
(2017).
[89] A. Posfai, T. Taillefumier, and N. S. Wingreen,
“Metabolic Trade-Offs Promote Diversity in a Model
Ecosystem,” Phys. Rev. Lett. 118, 028103 (2017).
[90] M. Adler, A. Mayo, Y. Zhou, R. A. Franklin, J. B. Jacox,
R. Medzhitov, and U. Alon, “Endocytosis as a stabilizing
mechanism for tissue homeostasis.” Proc. Natl. Acad. Sci.
USA 26, 201714377 (2018).
[91] X. Zhou, R. A. Franklin, M. Adler, J. B. Jacox, W. Bailis,
J. A. Shyer, R. A Flavell, A. Mayo, U. Alon, and
R. Medzhitov, “Circuit Design Features of a Stable Two-
Cell System,” Cell 172, 744 (2018).
[92] M. B. Miller and B. L. Bassler, “Quorum sensing in bac-
teria,” Annu. Rev. Microbiol. 55, 165–199 (2001).
[93] B. A. Dog˘aner, L. K. Q. Yan, and H. Youk, “Autocrine
Signaling and Quorum Sensing: Extreme Ends of a Com-
mon Spectrum,” Trends Cell Biol. 26, 262–271 (2016).
[94] T. A. Burton, Volterra Integral and Differential Equa-
tions, 2nd ed., Mathematics in Science and Engineering
(Elsevier Science, 2005).
[95] D. S. Dean, “Langevin equation for the density of a sys-
tem of interacting Langevin processes,” J. Phys. A 29,
L613–L617 (1999).
[96] N. G. van Kampen, Stochastic Processes in Physics and
Chemistry, 3rd ed. (Elsevier, 2007).
